Classical BRST charge and observables in 

(N- reducible gauge theories 

o: 

Andrei V. Bratchikov 



£ 



00 



Kuban State Technological University, 
Krasnodar, 350072, Russia 

March, 2012 



<D . Abstract 

The general solution to the master equation for the classical BRST 
charge is found in the case of reducible gauge theories. The BRST 
J> " observables are constructed. 

m 

1 Introduction 

en; 

O ! The modern quantization method for gauge theories is based on the Becchi- 

Rouet-Stora-Tyutin (BRST) symmetry [HE]. In the framework of the canon- 
ical formalism this symmetry is generated by the BRST charge. If the quan- 
tum BRST charge exists it is essentially determined by the corresponding 
classical one. The BRST charge Q is defined as a solution to the master 



X 

Id- 
equation 

{ft,ft} = (1) 

with certain boundary conditions. The BRST construction in the case of 
reducible gauge theories was given in [31 H]. The global existence of the 
BRST charge was proved in [5]. However, the problem of finding the BRST 
charge and observables has not been solved. 

In this paper we give the general solution to equation (Q for the general 
case of reducible gauge theories. To this aim, we construct a new coordinate 
system in the extended phase space and transform the equation by changing 



variables. Then it can be solved by an iterative method. In the framework of 
the Lagrangian formalism a similar equation was solved in [BJ. We also give 
the general solution to the equation determining the BRST observables. 

The paper is organized as follows. In section 2, we review the BRST 
construction and derive some auxiliary equations. In section 3, we introduce 
new variables and construct a generalized inverse of the Koszul-Tate gifferen- 
tial operator 5. With respect to the new variables, both 5 and its generalized 
inverse take a standart form. The general solution to the master equation is 
given in section 4. The BRST observables are described in section 5. 

In what follows Grassman parity and ghost number of a function X are 
denoted by e(X) and gh(X), respectively. The Poisson superbracket in phase 
space T = (P h Q { ), e(Pj) = e(Q i ), is given by 

ixn = — — - ( -i)<x*oo?L?! 

1 ' J OQ'dPi y } dQ l dPi 

Derivatives with respect to generalized momenta Pi are always understood as 
left-hand, and those with respect to generalized coordinates Q l as right-hand 
ones. 



2 Master equation for the BRST charge 

Let £ a , a = 1, . . . , 2m, be the phase space coordinates, and let G ao , a = 1, . . . , m < 2m, 
be the first class constraints which satisfy the following Poisson brackets 

where F^bo are ph ase space functions. The constraints are supposed to be 
of definite Grassmann parity e ao , e(G ao ) = e ao . 

We shall consider a reducible theory of L-th order. That is, there exist 
phase space functions 

z Z+v k = 0,...,L-l, a k = l,...,m k , 

such that at each stage the Z's form a complete set, 

Z a k X a k+1 ^ q _^ X a k+1 _ 7« t+ i^+2 k = 0, . . . , L - 2, 

Ofc+1 a k+2 ' ' ' ' 

Z a L -i X a L ^0^ X aL «0. 



G an Z™ = 0, Z a n k Z^ 1 « 0, k = 0, . . . , L - 2. (2) 

"0 a l a fc+l a k+2 v ' 

The weak equality ~ means equality on the constraint surface 

£ : G ao = 0. 

Following the BRST method the ghost pairs (V ak , c ak ), k = 0, . . . , L, are 
introduced 



<V ak ) = e{c ak ) = e ak + k + l, -gh(V ah ) = gh(c^) = k + l. 

The BRST charge fl is defined as a solution to the equations (JTJ) , 

e(fi) = 1, gh(fi) = 1, 
and the boundary conditions 



<9ft 



Lt„ 



<9 2 ft 



c=0 



dVa^dc^ 



ya-k-i 
Z a k ■ 



r=c=o 



dc a ° 
One can write 



(3) 



(4) 



n>2 



n« = G ao c a ° + X^AT 1 + ^K fc > 



fc=i 



(5) 



where N ai = and N ak , k > 1, only involves P as , s < k — 2. Eq. ([3]) implies 

N ak \ v=0 = 0, M\ v=0 = 0. (6) 

Let V be the space of the formal power series in (£, V, c) which vanish on 
£ at P = 0. For X, F G V we have 

XF G V, {X, F } G V, 

and therefore V is a Poisson algebra. One easily verifies that Q, as well as 
{n,tt}, belong to V. 



The bracket {. , .} splits as 



{X, Y} = {X, Y}s + {X, Y}. - {-l) e W>{Y, X } 



O) 



where {. , .}^ refers to the Poisson bracket in the original phase space and 



k=0 



d c a k Qp 



d A,„ ™ „ , d 



Let 5 : V ^ V be defined by 

5 = {n« .} = G ao ^- + J^-AT 1 + x , 

a/ "0 k=1 Ul a k 

Substituting (J3J) in (fTJ) one obtains 

sn<v = o, (7) 

5M = D, (8) 

where 

-D = ^F + AM+^{M,M}, F = {rt 1 \n^}t, 

and the operator A is given by 

ax = {fi (1) ,x} c - (-iyW{x,n^} . 

Eq. © is equivalent to 

<5 2 = 0. 

Let {X, Y}^ 1 ' denote the first order contribution in the ghosts to the 
bracket {X,Y}. The Jacobi identity {fiW, {fiW,fiW}} = implies 

Since {ft^,^ 1 )} = 25Q^ + 0{c 2 ), we have {^«,<ftl«}« = 0, from which 
it follows that 

<$W = {<M« n«} . (9) 



If (J7J) holds, then {Q, Q} = R, where R is the difference between the 
left-hand and right-hand sides of flSJ), 

R = SM + -F + AM + -{M, M}. 

From the Jacobi identity {Q, {Q,Q}} = it follows that {Q, R} = 0, or 
equivalently 

5R + AR + {M, R} = 0. (10) 

Here we have used the relation 

{n^,.} = 5 + A. 
3 Generalized inversion of S 

For k = L — 1, eq. (|2]) reads 

z j-2 Z <-i + Z^-'Z" 1 - 1 « 0, (11) 

a L-l a L a L-l a L V ' 

where a' L _ l) a" L _ l are increasing indexes, such that a' L _ l U a" L _ l = a^-i, 
|ol_i| = | Ol| and rankZ a L_1 = |ol|. For an index set i — {ii,i2, ■ ■ ■ ,in}, we 

denote |i| = n. From (fTTj) it follows that rankZ^ll = l a L-i| ~~ \ a L\ — l a z,-il 
and rankZ a ,f~ 2 — \a" T J. 

One can split the indexes ol_2 as ol_2 = a' L _ 2 U a'i-21 sucn that |a^_ 2 | = |a£_x|, 

and rankZ a ,f~ 2 = |a^ i _ 1 |. For k = L — 2, eq. (J2]) implies 

a' a" "r ^a" a" ~ U- 

From this it follows that 

rankZ"|" 2 3 = rank Z ^-3 = |a L _ 2 | - W' L -i\ = WL^V 

Proceeding inductively, one can obtain a set of nonsingular matrixes 
Z /T 1 , k = 2, . . . , L, and a set of matrixes Z a * _1 , fe = 1, . . . , L, such that 

rankZT 1 = Z a „ k ^ = \a"\. 



i k 



a,, 



Eq. (J2J) implies 

G4 t Z« + G < Z$ = 0, (12) 

where the indexes a split as a = a' Q U a ', such that \a' \ = \a'{\, and 
rankZ ° = \a'(\. From (fT2"j) it follows that G a » are independent. We assume 
that G a " satisfy the regularity conditions. It means that there are some 
functions F a (£), aUaJ = a, such that (F a , G a ») can be locally taken as new 
coordinates in the phase space. 

For a'l +1 € cik+i we define an embedding /(a' fc ' +1 ) = a'l +1 £ ak, k = 0, . . . , L— 2, 
f(a'[) = cll G at-i- Let a^ be defined by a fc = /(o^ +1 )Uafe. Since \a'l\ = |«fc|, 
one can write a^ = g(a'l) for some function g. 

Lemma. [6] The nilpotent operator 6 is reducible to the form 

S = Z'<ffpi + 22 V 'fW)ffpi ' ( 13 ) 

01 <?«) fe=i ol <?«) 

by the change of variables: (f , P ao , . . . , V aL ) -» (f ', V' ao , . . . , V aj .), 

P /K +1 ) = V ^ Z t, + N < + i> ^ = ^W ( 14 ) 



where k = 0, . . . ,L — 1, g(a" L ) = a L . 

Eqs. flH]) are solvable with respect to the original variables and can be 
represented as 

£« = &(0 , P aft = Pa fc (Co , K , " " " X) > * = 0, . . . , L. 

Here we have used the fact that the P afc depends only on the functions V' as 
with s < k. Assume that the functions £ o (£0 have been constructed. Then 
from 0141) it follows that 



V a ,=(V' na! , ) - V'^z'^f -N'„ )(Z«-V)i +1 , V a »=V' ial , 

a k v J(a k+1 ) g(a k ) a k+1 a fc+1 /V ' a k ' a fe S(a fc 



-Pa L =V' (15) 



where k = 0, . . . , L — 1, 



z' a a k k +1 (O = ^: +1 (0 , at; (£', p; , . . . , v ak _ 2 ) = N ak &p ao ,..., v ak _ 2 ; 

Let n be the counting operator 



L 



/ 5 , TV ^ , V^ / IV ^ , TV ^ 



n ~ ^o^7 + V 9«)7m' + S v 'fW)7m> + p 9 



and let 

°M s= i OI /«) 

One can directly verify that 

a 2 = 0, 5a + a5 = n, nS = 8n, no = an. (16) 

With respect to the new coordinate system the condition X & V implies 

The space V splits as 

V = Q)V m (17) 

m>l 

with nX = mX for X e K„. Hence the operator n : V — > V is invertible. 
The inverse of n is given by 

/•oo 

,(-1) 



7V — / exp(— tn)dt. 
Jo 

One easily verifies that <5 + = otzA -1 ) is a generalized inverse of 5: 

SS+S = S, 5 + 55 + = 5 + . (18) 

From ( {TBI and ( TT71) it follows that for any X & V, 

X = 5 + 5X + SS + X. (19) 



4 Solution of the master equation 

Let S denote the left-hand side of ©, S = SQ^ 1 '. Identity (Q takes the form 

5S = {S,Q {1) } . (20) 

It is straightforward to check that 

S = 5N + Q + BN, 
where 



N = ^iV^, Q = J2-P ak _ 2 Z a a *-JZ a a ^c a \ 

k=2 k=2 

B : V — > V is defined by B = 0, if L < 2, and otherwise 

L 8X 

BX = V- Z^c a K 

Z-^/ dc ak - 1 k 

fc=3 

Eq. (j7]) can be written in the form 

5N + Q + BN = 0. (21) 

Changing variables (£, V) -> (£', "P')) we get 

<W + Q' + S'JV' = 0. (22) 

Here and in what follows, for any X(£, V, c) we denote by X' the function 

X'^,V',c) = X(Z,V,c). 
Applying 55 + to (j22"j) and using ffT8|) we have 

6N' + SS + {Q' + B'N') = 0, 
from which it follows that 

tf' + <r f (Q / + B / iV')= i "> ( 23 ) 



where 

L 
k=2 

Solving ( 123|) . we get 

N' = (I + 5 + B'y- 1 \Y' -5 + Q'), (24) 

where I is the identity map, and 

(I + 5 + B)^ = ^(-l) m («J+5) m . 

It remains to show that (1241) satisfies (|22|) . We shall use the approach of 
[7]. With respect to the new coordinate system eq. ( |20l) takes the form 

8S' = {S',tfV>y„ (25) 

where 

S' = SN' + Q' + B'N'. 
If N' is a solution to ([23]), then 

«j+ at' = ,5+r, 

since (<5 + ) 2 = 0, and 

5 + S' = 5 + 5N' + 5 + {Q' + B'N') = 0. (26) 



Here we have used ffT^l) and (1251) . Consider eq. (I25"|) and condition 
where A/"' is the solution to (1251) . Applying 5 + to (j25"|) . and using (12B"j) . we get 

S' = 5 + {5',fi ,(1) };, 

from which by iterations it follows that 5" = 0. 
For 2 < k < L, denote 

yW = {$6y|$ = $ at (e'^')c at }- 



One easily verifies that 
B'V{k}cV{k + l}, k<L } B'V{L} = 0, 5 + V{k}cV{k}, 



and therefore the series ([24]) is finite. 

Let us now consider eq. ([8]). Changing variables (£,P) — > (£', "P'); we get 

5M' = D', (27) 

where 

-D' = -F' + AM' + ~{M', M'}'. 

Applying 55 + to (p7|) . we have 

8M' = 55 + D', 
from which it follows that 

M' = W + 5 + D\ (28) 

W E V, SW = 0, e(W) = 1, gh(W') = 1. (29) 

Let (.,.): V 2 ->• V be defined by 

(*i, ^ 2 > = -i(/ + S+A)^S + ({X l5 X 2 }' + {X 2 , X,}') , 
where I is the identity map, and 

(i+5+Ay-v = ^(-in5 + A) m . 

m>0 

One can rewrite (128]) as 

M^il^ + ^iW^M'), (30) 



where 



M' Q = (I + 5 + Af- 1 \W - -5 + F') 



10 



Eq. (13"U1) can be iteratively solved as: 

M' = M',+ l -{M' Q) M' Q ) + .... (31) 

Changing variables in (fTUj) (£,V) — > (£',V), we get 

5i?' + AR' + {M', R'}' = 0, (32) 

where 

R' = SM' + -F' + AM' + ~{M', M'}'. (33) 

To prove that ( 13~TT) satisfies ( 1271) consider eq. ( 1321) and the condition 

S + R' = 0, (34) 

where M' is the solution to ( 1281) . Applying <5 + to eq. ( 1321) and using ( 134I) . we 
get 

i2 / = -5 + (Ai2 / + {M , , J R / }'). (35) 

From ( 1351) by iterations it follows that R' = 0. 
The solution to (1281) satisfies the condition 

<J+M' = <5+W. 

By using (TT9l) . we have 

M' = <5+<5M' + <W + W'. 

From this, ([19]) and ([29]) it follows that 

M' = 5 + 5M' + W. (36) 

To check (1341) . we have 

<J+# = S + SM' + 5 + (-F' + AM' + ~{M', M'}'), 

and therefore by ([36]) and (EHJ, <J + i2' = 0. 



11 



5 BRST observables 

Let $o(£) be a first class function 

{G ao ,$ }^0. 
A function $ = $(£, P, c) is called a BRST-invariant extension of $o if 

$ = $ + n, n = J^$ (n) , $ (n) ~ c n , gh($) = o, 



n>l 



{fi,$} = 0. (37) 

Let U denote the space of all such extensions. The functions $1, $2 6W are 
set to be equivalent if 

$ 1 -$ 2 = {fi,*} (38) 

for some \I/. Elements of the corresponding factorspace lA/~ are called the 
BRST observables. 

Let us consider the equation 

{fi,^}-A = 0, (39) 

where A is a given function, gh(A) = 0, {Q, A} = 0, and \1/ is an unknown 
one. The equation implies that f,A G V, since gh(\l/) = — 1. Let us show 
that for any A £ V there exist a solution to (1391 . One can write (13"9~j) in the 
form 

5^ + Am + {M, ^} - A = 0. (40) 

Changing variables from (£, V) to (£,',V), we get 

£#' + A*' + {M 1 , $'}' - A' = 0. (41) 

By using ([TBI , one can write 

V' + 6 + {AV' + {M',V'}' -A') = T', (42) 

where 

T' G V, <5T' = 0, gh(T') = 1. 

12 



From (i2D it follows 

qr> = (I + S + (A + adM')) ( " 1) (T' + 5 + A'), (43) 

where adM' = {M', .}'. 

Now, let us show that (T4"3"j) satisfies (jHJ). Denote by T left-hand side of 

m 

T = {fi,^}- A. 

From the Jacoby identity {Q, {Q, \1/}} = and the BRST invariance of A it 
follows that 

6T + AT + {M, T} = 0. 

Changing variables (£, V) —¥ (£', "P')i we get 

5V + AT' + {M', T'}' = 0, (44) 

where 

r' = {jy, *'}' - a'. 

It is straightforward to check that if ty' satisfies ()42p then 5 + \I // = 5 + T' , 
and 

5+r = 0. (45) 

Consider (j4"4"j) and (j4"5l) . where \l/' satisfies (|42l) . By using (TT9l) . we get 

r = -<$+(Ar' + {M',r'} / ), (46) 

from which it follows that r" = 0. From definition (138]) we conclude that 
$1 ~ $ 2 if and only if $i - $ 2 G V. 

Let us now turn our attention to eq. (13T|) . It can be written in the form 

8U + P + ATI + {M, n} = 0, (47) 

where P = {Q, $o}- We note that IT and left-hand side of (1471) belong to V. 
Changing variables from (£,V) to (£',V), we get 

SW + P' + AW + {M ; , W}' = 0. (48) 



By repeating the same steps as in the case of eq. (J4IJ) . we obtain the general 
solution to (|lg|) 

n' = (/ + <5+(A + ad M'))*" 1 ^' - <5+P'), 
X' e V, 6X' = 0, gh(X') = 0. 

13 
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